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FOREWORD

This report was prepared by the Aerospace Sciences Iaboratory of
the Iockheed Missiles and Jpace Company, Sunnyvale, California. It pre-
sents the documentation for a digital computer program known as PRESTO II.
This program was developed by Lockheed for the Langley Research Center
under NASA Contract NAS 1-5255. A FORTRAN source deck listing included
with the master copy of this report completes the program documentation.
PRESTO TT makes use of computer subroutines that were developed for
PRESTO (Program for Repid Earth-to-Space Trajectory Optimization) under
NASA Contract NAS 1-2678T This report does not include any infornation
on those subroutines that were described in the PRESTO final report.
R. C. Rosenbaum was responsible for the work reported here. Computer pro-

gramming was performed by Miss Zoe Taulbee.

*Results of the program carried out under Contract No. NAS 1-2678
have been published as NASA CR-158 entitled "Program for Rapid Earth-to-
Space Trajectory Optimization" by Robert E. Willwerth, Jr., Richard C.
Rosenbaum, and Wong Chuck.
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ABSTRACT

A high-speed computer program for trajectory optimization has been
developed. Program speed is obtained through the use of an approximate
analytic solution to the three-dimensional equations of motion on a
"eylindrical’ Barth. The thrust attitude control history is assumed to
follow the "linear-tangent" law. The method of steepest descent is used
to determine the control parameters that maximize payload while sirmul-

taneously satisfying terminal constraints.
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1. INTRODUCTION

The development of the high-speed digital computer has made it possible
to apply sophisticated numericel techniques to the problem of trajectory
optimization. The steepest-descent method, in particular, has been used
quite successfully to evaluate the performance of rocket boosters. For
preliminary design studies, however, where a great hany configurations
must be evaluated, conventional numerical methods mey require an excessive
amount of computer time. Most of this time is taken up by repeated inte-

gration of numerous differential equations.

In PRESTO II, most of the numerical integration is eliminated through
the use of an approximate analytical solution to the equations of motion.
The pitch and yaw components of the thrust attitude history for the upper
stages are made up of one or two segments which follow the linear-tangent
rule, i.e., the tangent of the attitude angle is equal to & + bt. The first
stage is assumed to Tly at zero angle of attack. An iterative procedure,
employing the steepest-descent method, is used to find the values of the
controls which meet terminal constraints and meximize payload. In addition
to the thrust attitude history, the controls that can be optimized are the
initial flight path angle and azimuth, the launch time, the length of a
coast between two powvered stages, and the cutoff and ignition times for a

restartable final stage.

It is known that the linear-tangent law orovides an optimal solution to
the ascent problem if one makes a "flat-Barth" assumption. Furthermore, a
closed-form solution to the equations of motion is available for the "flat-

tarth" case. In PRuSTO II, the Earth is represented by & cylinder. 'The



equations of motion in the pitch plane include the centrifugal and Coriolis
accelerations. Lateral motion is assumed to be uncoupled from the pitch-
plane motion. The linear-tangent law is applied to a thrust attitude angle
that is measured with respect to the local horizontal rather than a fixed

direction.

The trajectory of the first stage of the booster vehicle is integrated
numerically. The first stage trajectory is & function only of the initial
flight path angle and launch weight because of the zero angle of attack
assumption. A table of trajectory variables at the end of the first stage
as a function of flight path angle is formed. This teble is then used to
represent the first stage during the optimization process.

After an optimum trajectory has been obtained on PRESTO II, the optimum
controls are used to run a numerically integrated trajectory on PRESTO.
Terminal conditions will, in general, not be satisfied beceause of the approxi-
mations in the closed-form solution. A backward guidance run and a final
guided run are then made on PRESTO to produce a numerically integrated tra-
jectory which meets terminal conditions and provides a near-optimum payload.

A description of the program, together with flow diagrams for the larger
subroutines, is presented in Section 2. The nomenclature introduced in the
PRESTO II subroutines is defined in Section 3. Section 4 serves as a menual
for operating the program. The optimization equations are derived in Section 5
and Section 6 provides a derivation of the approximate solution to the equa-

tions of motion.

PRESTO II makes use of the nomenclature and logical arrangement of
PRESTO to as great a degree as possible., It is therefore suggested that the
reader have the PRESTO final report available for reference.




2. PROGRAM DESCRIPTION

PRESTO II is written in the Fortran IV language. The program is composed

of two distinct parts. One part is the DELTA version of the original PRESTO

program with a few subroutines altered.

new subroutines associated with PR:ESTO II.

The other part is composed of the

In this section, the two parts

of the program will be referred to as PRESTO and PRESTO IT.

PRESTO II is comprised of the following subroutines:

MAIN
STAGE 1
PrRTRB
TRAJ 2
NSTOP 2
COAST 2
CONC
MisQ 2

CONVRT
VALUAT
LOOK 2
OPCNL 2
RUNGEK
NTEGRT
LIFT

EQUATN

The following subroutines are taken from the PRESTO program:

PRESTO (MAIN of PRESTO)
TRAJ

PCAL

OPCNL

MIQ

INSTOP

ICSs

DEQ

COAST

RKAD

MISCON *
SYMVRT *
LOOK *
INER *
ATMOS *
IUNEPH *
PLANEP *
REIN *
OPTION *
WIC *

The function of each of the PRESTO II subroutines is discussed here.




Subroutine Functions

MAIN

The operations performed in the PRESTO II MAIN program are similar to
those performed in the PRESTO MAIN program. Additional calculations are
made to set up the initial values of the control and vehicle parameters. The
closed-form lift-off calculation has been removed to a separate subroutine.
At the end of the PRrSTO II iterations, subroutine PRESTO is called to begin
the numerical integration of the trajectory.

STAGE 1

The trajectory for the first stage of a vehicle launched from the farth's
surface is computed here. A table of trajectory variables at the end of the
first stage, as a function of the initial flight path angle, is stored in
the two dimensional array, GTABLE. At the beginning of each case, two entries
are made in GTABLE. The first is for the initial flight path angle, YI , and
the second is for YI plus DEIGAM. The slope of the trajectory variables is
then computed and stored in GGTABL. Thereafter, new entries in GTABLE and
QGTABL are made only when the initial flight path angle falls outside of
the region already included in the table. There is room for twenty-five
entries on each side of the initial table entry.

If the fixed-final stage option is being used, so that the launch weight
is adjustable, the influence of launch weight changes must also be determined.
Initially, this is done by perturbing the launch mass by .001 times the
initial mass. The change in the first stage burnout conditions due to this
mass change 1s stored in the OKMS array. There is an entry in OKMS for every
entry in GTABLYE, Thus, every initial flight path angle has a mass slope
associated with it. Furthermore, for every table entry, the launch mass is
stored in the array GMASS, When a table lookup is made, the current launch
mass is compared with the GMASS associated with the current flight path
angle, This mass difference is multiplied by the current value of the mass
slope, OKM 1, to obtain the correction in first stage burnout conditions due
to the change in launch weight. A new mass slope is computed after NHEWKM 1
entries have been made in GTABLE. NKWKM 1 is input by the user.



The same sort of correction is made if the launch azimuth is adjustable.
The current value of the azimuth slope is stored in the second half of OKM 1.
A new slope is computed whenever the initial azimuth changes by more than
DELPSI. DELPSI is also input by the user.

The trajectory variables at the end of the first stage are placed in Fl

and are returned to the calling program by means of an argument list.

A flow chart for STAGE 1 is at the end of this section.

PERTRB

The sensitivities of the terminal constraints and stopping parameters to
changes in the control variables are computed here. PERTRB replaces the back-
ward integration performed in PRESTO. [Each of the controls is perturbed by
an amount, DisICON, set by the user. A trajectory is then computed. The
perturbed terminal conditions are compared with the nominal terminal conditions

to determine the influence of the control change.

A flow chart for PERTRB is at the end of this section.

TRAJ 2
TRAJ 2 performs the same operations as does TRAJ in PRESTO. TRAJ 2 is
considerably smaller than TRAJ because of the absence of a backward trajectory.

The subroutine has also been shortened through the use of a common area for

determining the trajectory during each stage.

A flow chart for TRAJ 2 is at the end of this section.

NSTOP 2

This subroutine interpolates to the correct stopping parameter.

COAST 2
across a coast stage is determined here. The equations used are

from the COAST routine in PRESTO.

CONC

The control variaebles to be used on the next trajectory are computed.

2-3



MEQ 2

The matrices required to compute the control changes in CONC are com-
puted. See Section 5 for a derivation of the equations used.

CONVRT

The trajectory variables associated with the cylindrical coordinate
system are converted to the geographic coordinates used in PRESTO. The equa-

tions used are given in Section 6.

VALUAT

The derivatives used in the numerical integration of the first stage

are computed.

TOOK 2

This routine is similar to LOOK. It provides the linear interpolation
used in 3TAGW 1.

OPCNL 2

The trajectory variables at the beginning and end of each stage are

output.

RUNGIIK

This subroutine provides the numerical integration formilas used for the

first stage. Tt is similar to RKAD.

NTFGRT

The integration of the tirst stage is controlled.

LIPT

The closed-form lift-off calculation is performed.

BRUATN

The approximate analytic solution to the equations of motion is computed.
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The results are stored in the array, UVH, and are returned to the calling

program through an argument list.
The following PRESTO subroutines have been changed.

PRESTO

PRESTO is the subroutine name for the MAIN routine of the PRESTO program.
The initial setup operations now appear in the PRESTO IT MAIN and have been
removed from subroutine PRESTO. When the program is under the control of
PRESTO, it runs & nominal trajectory, a backward guidance trajectory, and a
final guided run. Control is then returned to the MAIN program.

TRAJ

——

A change has been made so that an intermediate constraint (circular vark
orbit or radius of perigee) will be applied on the final guided run if it was
used in PRESTO II.

PCAL

The thrust attitude angles are computed from the PRESTO II angles on
the nominal trajectory. This computation replaces the table look-up in PRESTO.

The equations used here are derived in Section 6.

REIN and WIC

Changes associated with the PRESTO II data requirements have been made.

Use of PRESTO IT Without PRESTO

If a numerically integrated trajectory is not required, the size of the
program can be greatly reduced by eliminating many of the PRESTO subroutines.
PRESTO IT can run by itself using all of the PRESTO II subroutines plus those
PRESTO subroutines identified by an adterisk on page 2-1. A dummy subroutine

PRESTO is also required.
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Use of COMMON Variables

The variables stored in COMMON have been separated into three groups.
One group, known as the common COMMON, is used in &ll subroutines that employ
COMMON. A second group of variables which are used only in PRESTO II sub-
routines appears at the end of common COMMON in the PRESTO II subroutines.
A third group of variables which are used only in the PRESTO subroutines
appears at the end of common COMMON in the PRESTO subroutines.
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5. DEFINITTIONS OF PRESTO II VARIABLES

The variables introduced in the PRESTO II subroutines are defined here.

CA

CB

CE

CF

CON

Pitch plane steady-state control angle for current stage
Pitch plane slope for current stage

Yaw plane steady-state control engle for current stage
Yaw plane slope for current stage

Vector of current values of adjustable parameters

. ILength of coast after first burn in stage 4

. Iength of first burn in stage 4

Iength of coast after stage 3

length of coast after stage 2

. Iength of coast after stage 1

. Isunch time of day

. Initial azimuth

10. TInitial flight path angle

11. 1Initial value of pitch plene control variasble for segment one (al)

\OOD-Q.C\\J'?-F"L»

12. Slope of pitch plane control variable for segment one (bl)

13. 1Initial value of yaw plane control variable for segment one (el)
14. Slope of yaw plane control varisble for segment one (fl)

15. 1Initial value of pitch plane control varisble for segment two (aa)
16. sSlope of pitch plane control variable for segment two (b2)

17. 1Initial value of yaw plane control variable for segment two (e2)
18. Slope of yaw plane control variable for segment two (fg)

Data block 40
Data block 41

Vector of magnitudes of perturbvations of adjustable parameters
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DEIMAS Magnitude of launch mass perturbation

DETPST Data block 43

DELTA Data block 42

DTR Conversion factor for converting degrees to radians
EQC Vector of powered stages exhaust velocities

EQT Vector of thrusts for powered stages

EXTRA Vector of miscellaneous variables

1 Stored value of ST3(1) preceding circular park orbit
2-7 Stored values of unperturbed stage 1 burnout conditions
used to determine sensitivity of stage 1 burnout conditions
to initial azimuth
Stored value of GAMI at start of the circular park orbit
9 Stored value of X(3) at start of the circular park orbit
10 Stored value of X(4) at the end of the trajectory

Fl Vector established in STAGE 1 routine with stage 1 burnout values
of v, v, h, T, WI’ and A, and returned to calling routine

GAMON! Initial flight path angle

GMASS Launch mass vector associated with GTABLE row entries (for initial
flight path angle YI) of integrated first stage final trajectory
variables u, v, h, T, ¥;, and A (in STAGE 1 routine)

GPSI Initial azimuth vector associated with GTABLE row entries (for
initial flight path angle yI) of integrated first stage final
trajectory variables u, v, h, T, ., and X (in STAGE 1 routine)

GTABLE Final trajectory veriables u, v, h, 7, ¢I, and A for values of
initial flight path angle Yoo A table matrix established and used
by STAGE 1 routine

HAV Vector of average altitudes of powered stages

HAVI Data block U45

ISEG pata block 4k

Jé Used in MEQ2 to indicate whether optimization indicator shall be computed



JSTABL

KASE

KNSTRN

NADJST

NCNSTR
NEWKM1

NUMSEG

LL1
LI2
LL3
LIk
LL5
LI6
LL7
LI8
LL9
L110
LTl

LLI2

1113
L1
LL15

I.L16

Code of adjusteble parameter being processed in PERTRB routine

Used in STAGE 1 routine to indicate whether initialization of GTABLE

is needed
Code of terminal constraint being processed in PERTRB routine

Sequence number of adjustable parameter being processed in PERTRB

routine
Sequence number of terminal constraint being processed in PERTRB routine
Data block 43

A vector indicating for each stage its relation to control segments:
1 for being included in control segment one; 2 for being in control
sepment two; and O for not being included in a control segment

First powered stage in segment one (XK&4)

last powered stage in segment one (KKk&)

First powered stage in segment two (KKU)
Current segment number

Number of segments

last stage used in a forward trajectory (KK1)
First powered stage in segment one (KX1)
First powered stage in segment two (KK1)
Adjustable coast stage (KK1)

First burn in fourth stage (KK1)

Number of angle controls plus other adiustable parameters

MISCON calling key 0 - do not call MISCON
1 - call MISCON

Last powered stage in trajectory (Kk4)
Segment indicator of adjustable controls being perturbed in PERTRB

Indicates presence of stage 8 0 - stage 8 not used

1 - stage B used




117 Available

1118 Trajectory parameter printout key initial stage 1 values

final stage 1 values

initial powered stages

final powered stages

initial coast stages

AWM & W N
|}

final coast stages
LL19 weight (OMIi) subseript for printout (OPCNI2)

1120 Nominal or perturbed trajectory O - nominal trajectory
1 - perturbed trajectory

L2 L Current value for the powered stage immediately following the last
coast stage, If there is no coast stage, it is equal to LL7.

LI22 Assigned go to integer variable for LI21

L1123 Availsble

L2k Available

L125 Available

L126 Available

Lr27 Available

LL28 Available

LL29 Available

LL30 Available

OKM1 First six elements are sensitivities of stage 1 burnout conditions

to launch mass. Other six elements are sensitivities of stage 1 burn-

out conditions to initial azimuth.
OKMs Stored values of first six elements of OKM1

OKS Sensitivity matrix of terminal constraints to adjustable perameters

for a fixed value of the stopping parameter

OKZ Sensitivity matrix of terminal constraints to adjustable parameters

for a fixed value of the final stage mass ratio

3L




0Is

0LZ

OMI

OMZ

ONZ,

PCON

PGAMA1

POMI

PPAY

PSA

PSB

PSIONE

SIPR

Sensitivity of terminal constraints to launch mass for a fixed value
of the stopping parameter

Sensitivity of terminal constraints to launch mass for a fixed value

of the final stage mass ratio
Vector of each powered stage's initial and final masses

Sensitivity of stopping parameter to adjustable parameters for a
fixed value of the final stage mass ratio

Sensitivity of stopping parameter to launch mass for a fixed value
of the final stage mass ratio

Vector of values of achieved adjustable parameters which are perturbed
by the vector DELCON in the PERTRB routine

Value of initial flight path angle used by PERTRB routine for compu-
tations of perturbed trajectories

Values of initial and final masses of powered stages used by PERTRB

routine for computations of perturbed trajectories
Sensitivities relating final weight to errors in terminal constraints

Vector of pitch plane steady-state control angles for control segments
one and two used by PERTRB routine for computations of perturbed

trajectories

Vector of pitch plane slopes for control segments one and two used
by PERTRB routine for computations of perturbed trajectories

Vector of yaw plane steady-state control angles for control segments
one and two used by PERTRB routine for computations of perturbed

trajectories

Vector of yaw plane slopes for control segments one and two used by

PHERTRB routine for computations of perturbed trajectories
Initial azimuth
Vector of derivatives of terminal constraints with respect to last

stape mass ratio

Vector of stape time durations for all stages used by PERTRB routine

for computations of perturbed trajectories

3-5



PZETA

QGTABL
RHAV

SA

%]
=

SEGTIM

SPR
S3T3
STGTIM
OWFUEL
TABLKG
TCOAST
TCIIM
TIM

UVH

Matrix of trajectory variables u, v, h, T, *I’ A, B, w, and A for
initial and final values of each stage used by PERTRB routine for
computation of perturbed trajectories

Vector of powered stages mass ratios used by PERTRB routine for com-
putation of perturbed trajectories

Matrix of slopes associated with GTABLE matrix entries in STAGE 1
Vector of average radii of powered stages

Vector of pitch plane steady-state control angles for control segments

one and two
Vector of pitch plane sbpes for control segments one and two

Vector of yaw plane steady-state control engles for control segments

one and two

Vector with values of control segment time duration up to that stage
for each stage included in a control segment, with & zero stored in

stages not included in a control segment
Vector of yaw plane slopes for control segments one and two

Vector returned by STACE 1 routine with stage one burnout values of

u, v, h, T, WI and A

Vector of saved values of HAV vector

Vector of saved values of OMI vector

Derivative of stopping parameter with respect to mass ratio
Vector of saved values of ST3 vector

Vector of stage time duration for all stages

Correct fuel weight in the final stage

Data block 43

Time duration of a coast stage

Total time in each control segment initially

Current value of control segment time

Matrix of trajectory variables u, v, h, T, WI’ B, w and A for initial

and final values of each stage
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ZETA

ZINV

Vector of mass ratios for each powered stage
Inverse of welghting function matrix

Matrix relating changes in terminal constraints to changes in
control parameters

Vector relating changes in terminal constraints to changes in launch

mass
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4. PROGRAM OPERATION

DATA INPUT FORMAT

Data Blocks

Date required for PRESTO execution are grouped and input in data blocks which

are identified by number. Each block contains a common type of information
such as the case title or a stage thrust table, and utilizes a specified
FORTRAN format for the entire data block. The contents of each data block
are discussed and then summarized on the next several pages.

Header Cards

Input datae are punched on cards which are placed behind the program binary
deck. Cards for each data block are preceded and identified by a "header"
card. The format of the header cards is 4I3, where the first field is the
data block number and the second and third fields give the (inclusive)
locations within the data block that the subsequent data cards are to be
placed. Thus, if the user wished to change constants 2, 3 and 4 in data
block 10, the header card would be punched 10 2 L _, &end
the first three fields of the next card would contain the three constants.
The fourth field of the header card is used to 1ldentify the vehicle stage
number for the data, where necessary. The stage designation should be
included only for the data blocks as specified on the following pages.

Card Sequencing

Cards within each data block must follow sequentially, but data blocks may
be arranged in any order. A blank card must follow the last data card.

Successive Cases

Successive cases can be run on PRESTO with a minimum of additional data
input. Only the changes in data from the preceding case must be input. A
blank card must follow the data for each case.

999 Card

A card with 999 punched in the first three columns must end the data deck.
It is to be placed behind the blank card which ends the data for the final
case. When the READ routine encounters the 999 card, & normal stop is
indicated to the machine operator, so that the job can be terminated.



DISCUSSION OF THE DATA BLOCKS

The following discussion will emphasize only the changes in the input
with respect to the PRESTO input. The summary definition of the data blocks
will be complete.

Data Block 4

(4) For planar missions, optimize theta only. For non-planar missions,
optimize both theta and chi.

(11) The E-alpha constraint is no longer avellable, If the first stage is
being used, the zero-alpha constraint is automatically applied during
PRESTO IT iterations and must, therefore, be specified in the input so
that the final PRESTO runs will be correct. Positions 5 and A in data
block 22 must correspond to the burn time for the first stage.

(18) Tis option indicates whether or not there is a coast stage between
the two control segments.

(19) If the accuracy of & numerically integrated trajectory is not required,
the program will terminate at the end of the last PRESTO II iteration.

(20) Checkout matrices and the integration of the first stage can be output
with this option.

Data Block 5

Stage 5 is no longer available, Stage 1 is always the numerically integrated
stage. For orbital launches, stages 2, 3 or 4 may be used as the first stage.

Data Block 6

'"ere is only one adjustable burn in stage 4 and only one adjustable coast
can be specified. Parameter codes 1 and 2 are not available,

bata Block 8

Allow no more terminal constraints (including mass) than the number of adjust-
able controls.

Data Block 24

The nominal value of coast time is specified in addition to the coast angle.
The program will itcrate to the input time on the nominal trajectory. The
input angle is an estimate of the coast angle corresponding to the desired
time.




Data Block 27

The recommended weighting functions are the following:

Name Code Weighting Function
Coast 3,5,6,7 10'6

Burn b 1073
Launch Time 8 10'?
Azimuth 9 10”

Flight Path Angle 10 500.
Initial theta in first segment 11 1.

Slope of theta in first segment 12 1000.
Initial chi in first segment 13 .1

Slope of chi in first segment 14 1000.
Initial theta in second segment 15 .1

Slope of theta in second segment 16 10 to 1000
Initial chil in second segment 17 .1

Slope of chi in second segment 18 10 to 1000

Data Block 30
Thrust must be constant except for the first stage.

Data Blocks 31, 32, 33

The only aerodynamic coefficient to be used is the drag coefficient for stage 1.
Data Block 40

The first and last values of theta for each control segment are specified. If
there is no coast between the two control segments, theta must be continuous,
i.e,, the last value of the first segment must equal the first value of the
second segment.

Date Block 41

Same as 4O for chi.
Data Block k42

The recommended value for the perturbation in the average value of a control
angle is .0l radians. For & slope, the recommended value is .000L radians/sec.
If a stage is quite short, a larger perturbation should be used for the slope.
The following values are suggested for the other perturbations:

Coast time 5 sec
Burn time 1 sec
Azimuth .0l rad

Flight path angle .00l rad



pata Block 43

DEIGAM is the separation between entries in the table for stage 1. Provision
has been made for 25 entries on each side of the initial value. A value of

.1 degree is sufficient for vehicles with an initial flight path angle ranging
from 87 to 89 degrees. A larger value for DEIGAM can be used if the initial
flight path angle is lower.

NEWKM1 is the number of gamma table entries in between evaluation of a new
sensitivity for launch weight perturbations. 3 is a satisfactory value for e
DEIGAM of .1.

DELPSI is the change in ezimuth required before a new sensitivity to initial
azimuth perturbations is computed, Ten degrees is the suggested value.

Data Block Ul
This data block determines the number of rontrol segments t6 be used and the
stages contained in each. The first number is the KKUI corresponding to the
first powered stage in segment one. This is followed by the Kki's of the
remaining stages in the first segment, including coasts. Six is input at the
end of the first segment. If there is only one segment, & 7 follows the 6.
If there are two segments, the KKli's of the stages in the second segment follow
the 6 and a 7 terminates the data block.
Example: If the stage sequence in data block 5 is
162734814

and two segments are to be used with stage 8 in between
the two segments, data block 44 should contain

2 9346 5T
Data Block 45

An expected average altitude must be input for each stage.
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DATA INPUT

DATA BIOCK NUMBER TITLE FORMAT COMMENTS
1 Main Heading 1246
2 Case Heading 1246
3 Date 246
L Options 2411 IP(n) - See list of available options
5 Stage Sequence 1211 ISTGE(n)

Powered flight stages 1 through 4
Closed-form coast stages 6 through 9
* End sequence with zero

6 Adjustable 1113 IB1(n)
Parameters IBL(1) = The number of adjustable para-
meters to be optimized
IB1(2) = The adjustable parameter codes
1B1(11) in non-decreasing order

** Adjustable Parameter Codes #*

3 Length of coast after first burn in stage 4

4 Iength of first burn in stage 4

5 Length of coast after stage 3

6 Iength of coast after stage 2

7 Ilength of coast after stage 1

8 TIaunch time of day

9 Initial azimuth

10 Initial flight path angle

8 Terminel Constraints 713 IB3(n) - Mission-Dependent
183(1) = Stopping parameter code
IB3(2) = Form or number of terminal
constraints
IB3(3) = Iist of constraint codes for
. orbit-injection and lunar
IB3(7) descent missions
*¥% Stopping Parameter Codes **
A. Orbit-Injection Mission

1 ok (Vi® - 2 u/R)

2 Available

3 Availlable

4 Inertial velocity (VI)

S Availlable

6 Velocity
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DATA INPUT

B. Iunar Transfer Mission
Transfer time to lunar radial distance
C. Tanar Descent Mission
Use only Code 6 (Velocity)
D. Planetary Transfer Mission
Hyperbolic Excess Velocity (VH)
#*% Form or Number of Terminal Constreints #*¥*
A. Orbit-Injection Mission
and
C. Lunar Descent Mission
The number of terminal constraints (1 through 6)
Include the terminal mass constraint in this count

B. Lunar Transfer Mission

Use Ephemeris, do not constrain inclinetion of transfer orbit
Use bphemeris, do constrain inclination

D. Planetary Transfer Mission
Do not use Ephemeris (input VH vector)

Mars
Venus

** Constraint Codes for Orbit-Injection and Iunar Descent Missions *¥

Perigee radius

Orvit inclination

Iongitude of ascending node
Argument of perigee

Altitude

Inertial flight path angle
longitude

Inertial azimth

Tatitude

Available

Available

Available

Radius
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DATA INPUT

DATA BLOCK NUMBER TITLE FORMAT COMMENTS

‘ 9 Output Frequency 2h13 1Bl4(n)
Frequency defined as:

(mumber of computed points)
(number of output points)

IB4(1) - Initial trajectory

1B4(3) - Final
1B4(4) - Stage code
IB4(S5) - Initial trajectory

IB4(7) - Final
IB4(8) - Stage code
T84(9) - Tnitial trajectory

IB4(11)- Final
IB4(12)- Stage code
IB4(13)- Initial trajectory

IB4(15)~ Final
1B4(16)- Stage code

10 Nominal Constants 11E12.8 cT1(n)
Nominal values shown
Input only if changes are desired

CT1(1) = 7.29211E-5 rad/sec omega
cT1(2) = 1.407735E16 ft3/sec® FMU
CT1(3) = 20902900. ft RE
CTi(k) = 1716.4827 gas constant for
atmosphere subroutine
CTL(5) = 32.154856 ft/sec? measured sea
level gravity; weight-to-mass
conversion factor (GO)
CT1(6) = 2116.2 1b/ft2 PO
sea level ambient pressure
CcT1(7) = 250,000. ft HAERO
Altitude above which all aero-
dynamic computations are oypassed
CT1(8) = 46. Upper limit of lines per
vage
cT1(9) = (Available)

CT1(10)= .02 sec TIMEP
Time-epsilon increment to insure
hitting critical time
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DATA INPUT

DATA BLOCK NUMBER TITLE FORMAT COMMENTS
11 Atmosphere 8E12.8 CT2(n) Nominal values tabulated
12 Subroutine 8E12.8 CT3(n) in report section
13 Constants 8E12.8 Coi(n) describing atmosphere
1 Constants 8r12.8 CT5(n) subroutine

*Input only if changes from nominal
values are desired

15 Nominal Constants 8E12.8 CT6(n) *Input only for change
Used in forming partial derivatives
across closed-form coasts

CT6(1) = 1.0 Velocity increment
CT6(2) = .001 Gamma increment
CT6(3) = 100. Radius increment
CT6(4) = .001 Tau increment
CT6(5) = .1 Mass increment
CT6(6) = .001 Psi increment
CT6(7) = .00l Lambda increment
CT6(8) = .001 Coast angle increment
16 Time Duration 12E12.8 DAl(n)

and Number of Time in seconds

Integration Steps DA1(1) Stage 1 time duration

Within Each Stage DAL(2) Stage 1 points

DAL(3) Stage 2 time

DAL(4) Stage 2 points

DA1(5) Stage 3 time

DAL(6) Stage 3 points

DAL(7) sStage 4 total time duration
DA1(8) Stage 4 total points

DA1(9) Stage 4 first burnout time

17 Input Data 20E12.8 DA2(n)
DA2(1) Input should = GO
DA2(2) = +1.0 for takeoff
-1.0 for retro-burns

nmn

DA2(17) Magnitude for total time

constraint
19 Terminal 6E12.8 DAk(n) Mission-Dependent
Constraint DAL(1) is the magnitude of the stoppine
Magnitudes parameter

DAh(2) are the desired values of the
terminal constraints, listed in

DAh(6) the same order as in Data Block
Number 8

# Units are feet, radians, seconds
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DATA INPUT

DATA BIOCK NUMBER TITLE FORMAT COMMENTS

*% Terminal Constraints Input Guide ¥**

A. Orbit-Injection and Lunar Descent Missions
and
C. As Described Above

B. Iunar Transfer Mission

DAk(1) Transfer time (hours)
DAk (2)
DAL (3)
DAk(4) Inclination of transfer orbit (radians)

Used internally

D. Planetexry Transfer Mission

DA4(1) Hyperbolic excess velocity
DA4(2) Right ascension of hyperbolic asymptote (radians)
DA4(3) Declination of hyperbolic asymptote (radians)
DA4(6) Transfer time (days) (DAk(4) and DA4(S5) are used
internally)
* DAl(1,2,3) are not required input if PLANEP routine is called

20 Initial Times 2E12.8 DAS(n)
DA5(1) Time duration for closed-form
1ift-off calculation (sec)
DAS5(2) Iaunch time in Space Age Date
(days from January 0.0, 1960)

21 Tnitial Conditions 6E12.8 DA6(n)
DA6(1) Altitude (feet)
DA6(2) Tongitude (degrees ¥ from prime
meridian)
DA6(3) Iatitude (degrees)
DA6(4) Velocity (feet/second)
DA6(5) Azimuth (degrees)
DA6(6) Flight path angle (degrees)

22 Control Variable 6E12.8 DAT(n)
Constraints
For oo = O constraint

DA7(5) Time to start testing
DA7(6) Time to release constraint

23 Constraints on kpiz. 8 DaG{n)
State Variables DAB(1) Available
During Boost DA8(2) Available

DAB(3) Minimum altitude for coast
stages 8 and 9 (feet)

SAQILN sl aan
DAC(4j Avai.able



DATA BLOCK NUMBER

2h

27

28

29

30

DATA INPUT

TITLE
Nominal Range
Angles and Time for

Closed-Form Coast
Stages

Weighting Constants
for Control Variables

Convergence Data

Permitted Values

Vacuun Thrust
Tables

FORMAT COMMENTS

8E12.8 DA9(n),n=1,4 Angles in radians of
central arc

DA9(1l) Coast stage 6
DA9(2) Coast stage 7
DA9(3§ Coast stage 8
DA9(4) Coast stage 9

DA9(n)n=5,8 Coast time in seconds

DA9(5) Coast stage 6
DA9(6) Coast stage 7
DA9(7) Coast stage 8
DA9(8) Coast stage 9

19E12.8 DA12(n)

DAl2 (3) For adjustable parameters
identified by code number
DA12 (10) as listed for Data Block 6
DA12(11) Theta in segment 1
DA12(12) Theta slope in segment 1
DAL2(13) Chi in segment 1
DA12(14) Chi slope in segment 1
DA12(15) Theta in segment 2
DA12(16) Thete in segment 2
DA12(17) Chi in segment 2
DA12(18) Chi slope in segment 2

6£12.8 DAl3$n)
DA13(1) Initial weight improvement
to be used if (automatic) inter-
nal computation fails
DA13(2) Epsilon-weight for stopping
attempted mass improvement
DA13(3) Meximum number of forwerd tre-
Jectories per case
DA13(4) Velocity below which Runge
Kutta integration is always used
DA13(S5) Velocity to start open-loop
computations

S5E12,8 DAl4(1) Iist in same order as constraints
. are specified and in the same
DA14(5) wunits

* Suggest 10,000 feet for distances and
one degree on angles

12E12.8 TT1, TT2, TT3, TTh
* Stage code required on header cards
Sequence: Blank, time, thrust, time,
thrust..cece.e0« L.OE1O
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DATA BLOCK NUMBER

TITLE

\ 31

39

ko

by

42

Drag Coefficient
Tables (ALPHA = 0)

Stage Data

Theta History

Chi History

Perturbations
Also used in mass

improvement calcula-
tion

Stage 1 Controls

DATA INPUT

FORMAT

22E12.8 D1

COMMENTS

# Stage code required on header cards

Sequence:

5E12.8  SGl, SG2,

Blank, Msch, Cp, Mach, CD’
MBvCh.....n.l.OE].O

SG3, SC4, each dimensioned 5

* Stage code required on header cards

SGx

S6x(3) Total nozzle exit area (ft°)

SGxgl) Vacuum I, (sec)
2) Aerodynamic reference ares (fta)

2

86x(4) Initial weight (1b)
s6x(5) Final weight (1b)

4g12.8 % CNTRLl(n)
CNTRL1(1)
CNTRL1(2)
CN’I’RLl$3)
CNTRLL(L4)

4E12.8 % CNTRIZ2(n)
CNTRI2 (1)
CNTRI2 (2)
CNTRIZ(3)
CNTRI2 (4)

Units of degrees

Initial value for first segment
Final value for first segment
Initial value for second segment
Final value for second segment

Units of degrees

Initial value for first segment
Final value for first segment
Initial value for second segment
Final value for second segment

*When making a change in theta or chi, the
entire table must be input.

8E12.8  DELTA(n)
DELTA(1)

DELTA(2)
DELTA(3)
DELTA(k4)
DELTA(5)
DELTA(6)
DELTA(T)
DELTA(8)
3E12.8  TABLEG(n)
TABLEG(1)

TABLEG (2)
TABLEG(3)

=11

Average value of theta and chi
in first segment

Slope of theta and chi in
first segment

Average value of theta and
chi in second segment
Slope of theta and chi in
second segment

Flight path angle

Azimuth

Coast

Fourth stage burn

DFIGAM in degrees

NEWKM1
DELPSI in degrees

nniu



DATA INPUT

DATA BLOCK NUMBER TITLE FORMAT COMMENTS

NN Stage Sequence in 1013 ISEG(n)

Control Segments KKkl of stages in control segments.

Place 6 in between segments and 7 at end.

Stage Number kK4
2 2
3 3
b - 1st burn b
4 - 2nd burn 5
6 8
7 9
8 10
9 1
4s Initial Average 5E12.8 HAVI(n)
Altitude for Powered
Stages HAVI(2) Stage 2

HAVI(3) Stege 3
HAVI(4) sStage 4 - first burn
HAVI(5) Stage 4 - second burn

L-12




1P(1)

™P(2)

IP(3)
IP(4)

IP(5)

IP(6)
P(7)
IP(8)
P (9)

IP(10)
IP(11)
IP(12)
P(13)

IP(1h)

DATA INPUT

¥ LIST OF AVAILABLE OPTIONS FOR DATA BLOCK NUMBER L *

Mission

Axes

Control Variables to
be optimized

Closed-Form Liftoff
Computation

Thrust
Mass Computation
Aerodynamics

Frequency of New Adj

Orbit-injection

Inject into lunar transfer from
Earth liftoff

Inject into lunar transfer from
Earth orbit

Lunar landing

Inject into planetary transfer from
Earth liftoff

Inject into planetary transfer from
Earth orbit

N

AN NFE W

Rotating and 3D
Non-rotating and 3D

o

Theta only
Theta and Chi

= O o

Use this computation
Do not use this camputation

= O

O Teble look-up - vacuum thrust vs time

N/ (G * 1)
0 Lift = 0. only

0 MDOT

oint 1 After every successful forward

Solution trajectory

Special Computations and O None

Printout

Constraints on Control O None

Variables 2 ALPHA = 0.0

Constraints on State O None

Variables

Total Time Constraint O Do not constrain total time
1 Do constrain total time

Mass-Improvement Procedure O Fixed launch weight
3

Fixed final weight
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IP(15)

1P(16)
IP(17)

IP(18)
1P(19)

IP(20)

DATA INPUT

%% LIST OF AVAILABLE OPTIONS #%*

Memory Dump

Output

Output of Input Data
Coast Between Control
Segments

Make Final Iterations on
PRESTO

Output of Check Matrices

= O

- O

= QO

Do not dump memory

Dump memory at end of job (includes
floating-point dump of floating-point
mumbers in common)

Non-buffered output

Do not output data
Output data

No coast between segments
Coast between segments

Do not call PRESTO
Call PRESTO

Do not output check matrices
Output check matrices

L-1h




Changes in Program Use as Compared to PRESTO

There are several changes and limitations in the use of PRESTO II as
compared to PRESTO, These are listed here.

1. A cylinder is not a good representation for the Earth if large
lateral maneuvers are made, The accuracy of PRESTO II will, therefore, fall
off as the size of the lateral maneuver increases.

2. The approximation concerning the %¥ term in the equations
of motion is not good when one stage goes from orbital speed to & high super-
circular velocity. The program should not be used for interplanetary trans-
fers requiring a large hyperbolic excess velocity. Program operation is

satisfactory for lunar transfer missions.

3. When using the lunar landing mission option, the horizontal
component of velocity must not be allowed to go negative. This can happen
if a poor nominal is used or if the stopping parameter is too close to zero.
Interpolation to the correct stopping condition fails when the velocity goes

negative.

4. when the total time constraint option is used, the weighting
function associated with the final coast stage must be set to a large number,

e.g., 108.
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5. DERIVATION AND PROGRAMMING OF OPTIMIZATION EQUATIONS

The optimization procedure used in PRESTO II 1s similar to that used in
PRESTO. The major differences are:

1. The thrust orientation angles are now discrete rather

than continuous; therefore no integral terms appear.

2. The calculation for new controls 1s made only once at
the beginning of a trajectory. There is no closed-loop
calculation as in PRESTO.

3. The sensitivity of terminal constraints to a change in
a control is determined by perturbing the control and
then comparing the perturbed terminal constraint with
the nominal value. This process replaces the backward

integration runs in PRESTO.

The fundamental relation is

d¥ = Kde + L dwm; (1)

where d¥ is the terminal constraint vector
de is the control vector
dwm; is the perturbation in launch mass

K is a matrix of sensitivities, or
influence coefficients

L 1is a vector of influence coefficients

for launch mass perturbations

A btrajectory terminates when a stopping parameter, S, is satisfied. The
influence of the controls and the launch mass on the stopping parameter is
represented by the equation

dS =Mde + Ndwm; (2)



It is not efficient to interpolate to the correct value of the stopping
parameter when perturbing the controls. The reason for this 1s that each
attempt at interpolation requires the same computation that is made to
integrate the motion for the entire stage. Therefore, the sensitivity
matrices will be evaluated for a fixed value of the mass ratio, 5. They
will then be converted to sensitivities with respect to a fixed stopping
parameter. The subscripts 3 and S will be used to indicate whether
the matrix refers to a fixed mass ratio or fixed stopping parameter con-
dition.

The following equations relate terminal perturbations at a fixed stopping

parameter to the perturbaticns al a fixed mass ratio.

d¥[, = d¥]p + ¥[, 49 (3)
dS|g= aslf N S'IP 49 (%)
,  dV¥ '
where Y =_d.—9_ ’ S =%YS—

and 4 is the change in the nominal mass ratio required to meet the stopping

condition in the presence of a control perturbation.
By definition, L NY g> 0. Solving Eq. 4 for 4§ , one obtains

ds
df = -—g:—g (5)




Substitute Eq. 5 into Eq. 3 to obtain

4y - avl, -%’,’—JS, (6)

Eqs. 1 and 2 are to be evaluated for fixed mass ratios. Using the proper

subscripts, substitute then into Eq. 6 to obtain
d¥l, = Kgde + Lgdm; (7)

where

L

[1]
iy
'

\Pl

KS = Kg - gl Mg
N

S ¢’

It is now desired to find the vector de which will produce a desired
change &q’g in the presence of a launch mass change dm . Further-
more, a weighted sum of the squares of the changes in the control parame-

ters should be minimized, i.e., one desires to minimize

AeTZ de

while satisfying Eq. 7. Z 1s a disgonal matrix of weighting functions.
Use Lagrange multipliers to form the quantity

Vede Zde +//(A"P|S— Kgde = Ldmy) (8)
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Write the first order perturbation equation for Vv

SV must be zero for arbitrary changes in de

must therefore be zero.

§V = (24’2 - uKg) $(de)

=1 T, T
de:iﬂ_
2

To determine 4 , substitute Eq. 10 into Eq. T.

T
/a =

Z(KsqusTf”(&?ls‘ Lgdmy)

Substitute Eq. 1l into Eq. 10 to obtain

de

< 2K T (KT KT (A, - Lgam)

In the program, the following notation has been used

r X
to
" 1}

My =
Ny =
Y=
vy

-
Z'K,

YKz Kg = RKS
qLz Lg=QLs$
Mz M = BMS
N Z Ng = §NS
PSIPR g'= SPR
= PD$ KeZ'Zg = AA

T TT e ZKA (<272 ) = A

- - - -
2k (K2 K) Lg=ZKAL 2= ZINV

(9)

The coefficient of 8(¢e)
Solving for de¢ glves the following result.

(10)

(11)

(12)



Ky, Ly, My, Ny, ¥, and §' are evaluated in the PERTRB sub-
routine. Ky and bﬂ, are determined by perturbing the controls,
one by one, and observing the effect on the terminal constraints.
Le and Np are determined in the same way with the launch
mass perturbed. V' and §' are evaluated by perturbing the

mass ratio of the final stage.

KS , Lg» Ms and Ns are computed in the MEQZ2 subroutine. AA is
formed and inverted and substituted back into AA. ZKA and ZKAL are
then formed.

ZINV is computed at the start of the main program. The actual computa-

tion of the change in the control vector (Eq. 12) is made in the CYNC

subroutine in the form
DCRN= ZKAAY - ZKAL dwm; (13)

where DC&®N is the program symbol for de.

OPTIMIZATION SUCCESS CRITERION

The optimization success criterion is identical to that used in PRESTO.
Only the notation has been changed. Thus, Eq. 1 on page 8-lke in the
PRESTO report becomes

Jo
dm, = PPAY, dm; + Z PPAY; 4 ¥; (14)
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An optimization run is successful if the terminal constraints are suf-

ficiently close to the desired values and if

(m{: + &m‘FSCURR!MT ron = (m; . Amt‘) LAST RUN (15)
IC
where dm = ,El PPAY i d.q’i for the fixed launch weight option
}\
(s !
and wm, =1 Z PPAY QW PAY, ( -
d"'{: (_i-.z, j } *pPAYt (DNFUEL/%,)‘ (i'PPAY{)

for the fixed final stage option.

SELECTION OF MASS IMPROVEMENT

The selection of mass improvement differs from PRESTO in that the improve-
ment to be asked for is recomputed after every successful run using the

relation

dmuom = A (16)

dm,o, 15 then added to dmg to obtain d¥, , which is the actual
change in final mass requested. If a run is unsuccessful, dmuom is
cut in half. In the output, DMASD still indicates the first computation

of dmy,, made after a successful guildance run.




6. EQUATIONS OF MOTION

AN APPROXIMATE SOLUTION TO THE THREE-DIMENSIONAL EQUATIONS

QF MOTTION QUISIDE OF THE ATMOSPHERE

If motion is restricted to the vicinity of a great circle defined by
the initial velocity vector, it is reasonable to represent the Earth
as 8 cylinder. On a cylindrical Earth, motion in the longitudinal and
lateral directions is uncoupled. Longitudinal motion may be described
in the usual polar coordinate system while the lateral motion takes
place under the assumption that the Earth is flat.

The coordinate system used in PRESTO II is shown on the next page.

The initial velocity vector lies in the Ix - .iy plane. The Ix axis

is along the local horizontal and the Iy axis lies along the ra,dius-
vector. u, v, and w are the components of velocity along the 1x, iy’
and Iz axes, respectively. )6 is the in-plane range angle. A is the
out-of-plane distence divided by the radius.

The thrust orientation angles are illustrated on the next page. & is
the angle between the I axis and the component of thrust in the i - Ey
plane. A is the angle between the Ix axis and the component of
thrust in the Tx - ‘1'2 plane. 7] is the angle between the thrust vec-
tor and the local horizontal. It is related to the two control angles

by the Equation:
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dan 7 = fam 8 Lo X (1)

With 1ift and drag neglected, the equations of motion are:

G« osfeonl agnf — 4X (2)
Vol ainnagn§-g+ % (3)
w=T anan) sgnt (%)
A=t (5)
Fe v (6)
A= (1)
m= - T (8)

Sgn & is normally +1. It is set to -1 for retroburns because
© and X are limited to *90 degrees.

It will be convenient to use the msss ratio, instead of time, as the
independent variable. The mass ratio is defined as:

§- (9)

L

where "‘i is the mass at the beginning of a stage. The time deriva-
tive of I 1is:
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d3 T

——— - —

t m;c (10)

With the help of Eq. 10, the equations of motion are converted to:

du ¢ couNenl ynf mic
d? 9 * Ee (11)
dv ¢ an? agn € mic u?* g m.c
FER ¥ T TT e tT (12)
dw ¢ eoul aind ogn €
9 9 (13)
df m; c uw
% 2 (%)
dr _ _mic
4y = ™ Vv (15)
dA e w
dP - T™ (16)
d - .
3™ (a7)

where € 1is the exhaust velocity.

The two thrust orientation angles, © and 'X, , are to vary in accord-

ance with the "linear-tangent" law; 1i.e.,

on 6 = a+ bt (18)
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a2 = e+ §t

(19)
a, b, e, and f are constants.
Using the relation r
me=m -z t (20)
one can write
fan 6 = A +BY (21)
Tan = E+F3 (22)
where A = o+ _bg_'_'.‘_L E = € 4 .ccm\’
= 'T‘ - r"!
B = - M_. F = - .ccmi.
T T

With the aid of the following three triangles, the trigonometric terms

in the equation of motion can be written as:

i
cos 7 eon ¥ =‘V1+(A+Bf)z + (E+F3)2’ (23)
A+B3
ami = .
7 -Vl *(A+Bg)z+(E+Fj’)'" (2)
. E+F3
e uml = (25)

VL B3+ (B F )™



A+ 8BS

E+F¥
A + 8%
V1+E+F3)’
The equation for the horizontal component of velocity (Eq. 11) is
first integrated with the term containing uV neglected. One has,
$
; f ) 43
U - Uy 5 —C )
¢ 7 h fVL+(A+B.?)"- +(E+ F3)*
After integration, one obtains
C 4g9m
u.£- wp = g " >< (26)
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where

Yy T+ +BY* +E +F3)" TLoA"+EY & 1 + A(AvBY) 4 E(E+FS,)

T1+(A+B) e s F)  YLAA S EY + 4 + A(A+B) + E(E+F)

For /8 , one has

"
i
3
o
~—
IS
R
s
t
I
3|3
Rl
\ﬂ
Y
F+
e
&E
'
&
.
(R

Pr =/ Tr

3, %
c mic du
Sz Gy - pe ] Tl
1 1

The double integral is evaluated with the help of the relation

5, 3 A
fj £(9) 49 = ff (3,-3) 5(3)43
£ 4 1

(27)
Using Eq. 27, one obtains:
__m1c|—9f- w: )+ w03 -1) E'_iﬁ_Y
,5; -Bi = Te LJ; S e A R 1B . f 7 _] (28)
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vwhere

AB+EF
Y - tn | FCESRCRT N FONPELS Yerire

AB+EF

fEfhoy +(Eerl s f5 e+ A2EE

If B and F are both zero, the last term in Eq. 28 is:

e(3; - 1) agn §

v1+AL+EL

In order to integrate the equation for vertical velocity, an integrable

expression for u®* must be found. The approach used here is to split
the logarithmic term for w into two parts and then to expand the

second term in a series in 3 . One can write

(29)

he e ca_-gci A?*A(L«»A(A-&BS)-»E@«-F:?) +11+A"4E':Yi*@\*Bg))?—(E*Ff)L

YfLeARE 1+A(A+8) + E(E+F) +-Vi+ A"‘+E"‘1i+(A»B)"+ (E*F)‘:

Note that if the slopes of the control angles are equal to zero, the
second In term is equel to zero. Furthermore, when B and F are

not zero, numerical checks for reasonable control angles indicate that
the term in the round brackets does not move very far from unity. Write
the term in the round brackets as N/D, where N and D are numerator

and denominator, respectively. Then:




() (2] (1) < B

assuming N/D is close to unity. Using the approximation
i +a = 4 %

one obtains for Z the equation:

Z = (A+TLsa%4e?) (As+EF)(5’~1)+—____“‘§L*EL@‘+F‘)(3‘-1) (30)

W can then be written as

§
u=ui+—°-m———qm?h%+%] (31)

After collecting terms, one has

w=A, +A, Y A3 A% (32)

a, (“’z. + ag)

where A, = u, -
1 a 4
A 2 = - Q. 1
A = _ 1%
3 @y
Ah = @ i q’.’
a4
and

[+ ]
1]

c 4gn§
1 ii+A"4Ei
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(L + Y1 A E")(AB+EF)
a = YL AT ET (B¥+FY)
2

n

Bh 1 ‘A(A‘B) + E(E+F) +Ti+ Ar+ E* .V1_+(A+B)L+CE + F)L'

\12 18 now readily integrable. Eq. 12 becomes:

dv e(A+Bg) q m;c s 4
43 3L+ +B3) +E+FI)T + Ty tB +8,3 + B,3"4 B,3% + B3
+ Btﬂnj) + .B-, (,@n'y)l + BB jj/mg + Bq\gz;&n‘f (33)
where
. [ 3
B, =KAS B, = 2KA A, 137 = KA,
B, =2KAA, By = KASZ By = 2KAA,
33 = K(As+2AA,) B, = 2ZKAA, 39 = 2KA, A,
—_ mec
k = v

Integration of Eq. 33 ylelds:

) cﬁ\gﬁﬁ:§

e B & m; e
%V e - T Y Gy @
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where

P8y (5e1) s Za3f ) B3y« Be(8y) L B (5] y
+B‘l:3¢(2n5¢-1)+1] N 57,};(%3#)1-214,@»5} v zic—zJ

*BaB: 3;('¢"jc -3) *?{l M B‘iEs‘ 3:(/&‘:7@ ‘1?)" %EJ

Using Eq. 27 once again, the equation for P is integrated to give:

s

- m;c c - &
R AR AT Fg;::,.f?,:” v

e B

+ "B—f?% (11+(A+83;) +E+FL) - PL+(ArBY +(ECF)T )

T B S - 0 - Y- B

- B‘B‘(”r%)%] - Byl sy 44
-—L[ (3-9+4]- 2[5 6g-5 - 4]

2
T‘ (j¥ - 1%]
If B and F are zero, the term containing Y becomes:
o A A?'ﬂg (f;—i)

V 1L+ A" E*

(35)
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In a similar manner, the equations for w and /\ are integrated to
give:

’le’w’ e* X B*+ F& Y (36)

i ¢ B(BE - AF) 44§
A-ANp= -5 [34(%'"&)* (B("B+EF")3"')% v

cF mg — ) )
+ ot s £ <Vi +(A+B:?4)L+(E+ch)"— ‘VI+(__A+B)"’+(E+F)")+ w‘:@; i)]
If B and F are zero, the term containing Y becomes:

cE g (3,-1)

V Ly A* 4 B

(37)

It will be recalled that the term containing uv in the differential
equation for horizontal velocity was neglected. The influence of this
term is accounted for in an approximate manner by adding to u-.;_ the
average value of —'.“‘.,"-E— uv multiplied by the interval of inte-
gration. This additional term is:

mic

T (wivi + ug v{.)(s‘—l)

This approximate solution to the equations of motion is repeated for
each povered stage with the final conditions at the end of the first
stage becoming the initial conditions for the second stage. If a
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coast precedes a powered stage, the axis of the cylinder is rotated
so that there is no lateral motion at the beginning of the powered

state; 1.e., /A; and w; are set to zero.

The value of r that is used in the solutions is obtained by averag-
ing the initial and final radius for a stage on the last iteration.
9’ is computed using this average value of r .
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CONVERSION FROM CYLINDRICAL TO GEOGRAPHIC COORDINATES

At the end of each powered stage, it is necessary to determine the posi-
tion and velocity of the vehicle with respect to the spherical Earth.
This computation is done in the CONVRT subroutine.

At the beginning of the first control segment and after each coast we
have available the inertial azimuth, ¥; , the latitude, A , and the
longitude, T . At the end of each powered stage, we know &, V,

w, B, and A. Tt is necessary to compute inertial velocity,
V;, inertial flight path angle, 7; , inertial azimuth, latitude
and longitude.

Except for the symbols mentioned above, the terminology used in this

subroutine is not related to the rest of the program.

Inertial velocity is easily found from the Equation:

V. = VuzevZ v w® (1)

I

Inertial flight path angle is found from:

4V
¥, = tan (2)
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Spherical trigonometry is required to determine the remaining variables.
Consider the following triangle:

NorTu PoLe

Turian
Powr

The computation is broken into two parts. We first determine the lstitude
and longitude at point A which is on the great circle defined by

the initial velocity vector. 7 takes on one of two values depending on
¥, at the initial point:

If ¥, < q s 1 =Y,

If Y>> ,0=2w-Y

Using spherical trigonometry, one obtains:

oo & = 00w & cow B+ ain S an Beow (1)
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an & _ ampB
ainn T sn ST (2)

Compute acn o from (1) as:

avry o = Y[ - codta (3)

Use Eqgs. (1) and (3) to compute:
oL = IM{’(‘“""“ )

Cow ol (8
If Zama >0 , o<a<T
If Zan o <0 , 1_2"< X< T
Knowing o, solve for acn §ST
i anq ain B
Then, cow ST = J1-an?§T
4/ am 8T
and ST = Zan! (g5 )
(6)

$T 15 always assumed to be less than "5, .
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The latitude at point A, A,, 1s:
M=% - (7)
and the longitude is:

+ 1f Y, <

z - if ¥ >

Knowing 9T , one can solve for ¢ using

COwC=-CowSTCo¢7?+A;M/STM7?cowS (8)
anc = Y1-co®c
and
-1( aomc
c = lan (w& (9)
s
If Zane >0 o< c< g
If tfame < O F<ecemw
Then
Yr, = T-cC (10)

The inertial azimuth at the end of a stage also depends upon the out-
of-plane velocity, w. Let

d = tant(2L) (11)

~ V4
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The inertial agzimuth is then found from:

Y, = 2T - +d If ¢y =
4 le.A T (12)

The second part of the calculation is similar to the first except that
/\ replaces A .

Define an angle m as follows:
= ™
m—\’VIA"‘—Z‘ A?m,d- if Y, <«

m= 2 - Wy, + 5 ognd 1f Yy 7T

If wm =21, subtract 21T from it.

6-18




Define 3 as follows:

7 = m if m< T

7 = 2T ~m ifm=1

S = %g - XA

and
Cowd = Coa 8 coulN +.ain§ ain /A Cow ) (13)
Un a = ‘Vi—cov‘oc
-4 an
oA = tam \ g )

Use the quadrant check that follows Eq. 4:

Then ) A
am T = M;Zf::t (14)
Cow ST = 11—420»331“
and
- o ST
ST=,&»lf%5?F) (15)

/

The latitude at the end of the stage is:
= T
e = T - o , (16)

and the longitude is:

+ 4if m< T
Tp= Tp, - WAL £ 8T
«-if m>1

wvhere At is the time from the initial point.
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CONVERSION OF PRESTO II CONTROL ANCLES TO PRESTO CONTROL ANGLES

At the end of the PRESTO II iteration, we have two control angles, 62
and %o defined with respect to the PRESTO II coordinate system. It is
necessary to convert these angles to the PRESTO control angles, 1 and X,
for use in generating the initial integrated trajectory.

The two coordinate systems are related as shown in the following diagram.

The subscript 2 refers to the PRESTO IT system. Y is the flight path angle.

Yo

o]

Y
|

&y

6y is the angle between the great circle path defined by the initial velocity

vector in the PRESTO II system and the horizontal component of velocity in
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the PRESTO system. The lateral motion in the PRESTO II system, described
by the angle A is assumed to be small, This leads to the approximation
thet the Tz and I}'g axes are parallel when y is zero.

The orientation of the thrust vector in the two coordinate systems

is shown below.

8|
)

\ J
[

|

PRESTO PRESTO IIX

The thrust vector in the PRESTO II system is resolved into components

to give
T = T [E T +31 T +1 T ] (1)
XXX W Yo 2%
where Tx = COs T\2 cos )(2
‘1‘yz = sin'n2
ng = cos 712 sin %o

and 1:a.nT)2 = tan 92 cosx2

The components of thrust in the PRESTO II system, resclved along the

PRESTO coordinates, is given by
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71"=T{T [-T sin 6y + T cos&]+’i[‘1‘ cos by cos Yy + T s8in
x L™ Tx, v T, v v L% J Yy, Y

+ T sin 8§ cos ]4— 1 [-T cos 6% sin y+ T  cos
25 ¥ cos Y 2 L™, ¥ siny+ T, cos y
- T sin 6¢ sin ]}

The components of thrust in the PRESTO system, resolved along the PRESTO

coordinates, is given by

— e - - 1
T=TLix cos 1 sin x + 1ycos'ﬂcosx + iz sin T]_J (3)

The coefficients of the unit vectors in Egs. 2 and 3 must be equal. One

obtains
sin | = -Txe cos &y sin y + Tyz cos Y - T22 sin oy sin vy (%)
cos | = /1 -_;i_n T]u (5)
_ -1/ sin M
n = tan (cos M (6)
and
sin x = L [-T sin 6y + T cos 6*] (7)
cos 1) X5 2o
cos X = Jl - sin X (8)
- -1/ sin ¥x

These calculations are made in the PCAL subroutine.

The angle &6y is computed as

v = ¥ - ¥ (10)
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vhere ¢ is the local azimith and *R is the instantaneous azimuth along the
great circle defined by the initial inertial velocity vector. *R is computed

after every step of integration using the relation

= + y. (D7) 11
where
. VI cos vy sin 'R sin A
g =

r cos A

NASA-Langley, 1967 Cqu -686 6-23
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conducted so as to contribute . . . to the expansion of buman knowl-
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skall provide for the widest practicable and appropriate dissemination
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—INAIIUNAL AERONAUTICS AND SPACE ACT OF 1958
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